As shown in Fig. 1, graphene has two sublattices (A and B) with the tight-binding model Hamiltonian 1 written as (4) Supplementary Figure 1 | The lattice structure (Left) and the Brillouin zone (Right) of graphene. Here a 1 and a 2 are the lattice vectors in real space, while b 1 and b 2 are reciprocal lattice vectors. The Dirac points, K and ′ K , are located on the six corners of the Brillouin zone. Here the black and grey dots on the left panel represent the A-and B-sublattices, respectively.
where E 0 and λ 0 are two parameters, defined by
where φ A and φ B are orbitals on the A-site and B-site, and 
with a ≈ 1.42 Å, the neighboring carbon-carbon distance. At the Dirac points K and ′ K , f (K) = f ( ′ K ) = 0, leading to bandgap closure.
II. Perturbative Model for Graphene under Periodic Potential
We model the effects of periodic structural modifications on graphene by a periodic potential U(r) :
where  1 and  2 are two integers, while R 1 and R 2 are lattice vectors defining the periodicity of the applied periodic potential (structural modifications):
Here n 1 , m 1 , n 2 , and m 2 are integers, and a 1 and a 2 are the primitive lattice vectors of the pristine graphene:
We denote the periodic potential in reciprocal space by U(k) :
Treating the periodic potential as a perturbation to the pristine graphene, the changes in the diagonal matrix elements can be approximated by
while the changes in the off-diagonal matrix elements are approximated by
Here φ A and φ B are orbitals for a nearest-neighbor pair, and N is the effective average number of the nearest neighbors per site. The structural modifications, such as nanoscale holes and partial passivation, destroy the local graphene structure, so that only the long-range periodicity induced by such modulations remains in real space. As a result, E 1 (k) and λ 1 (k) possess the translational symmetry of U(k) in recip-rocal space, not the translational symmetry of the pristine graphene. In our model, both the diagonal and the off-diagonal matrix elements are perturbed by the external potential. This is because the periodic structural modifications not only change the onsite energy but also the hopping parameter. For example, in a graphene nanomesh, near hole edges the hopping between the nearest A and B sites are affected: both the hopping strength and the number of the nearest neighbors are modified.
Obviously, at Dirac points if λ 1 (K) ≠ 0 [ ⇒U(K) ≠ 0 ], i.e., the scattering between the degenerate pseudo-spin (sublattices A and B) portion of the wave function is non-zero, then the degeneracy is lifted at Dirac points, leading to bandgap opening. In addition, the scattering matrix element between two states with different wave vectors is 2,3
where θ k, ′ k is the angle between k and ′ k . If the scattering between degenerate states at Dirac points K and ′ K is non-zero, i.e., U( ′ K − K) ≠ 0 , then the degeneracy at the Dirac points can be lifted as well. Interestingly, because ′ K is equivalent to 2K , the second condition of bandgap opening is equivalent to the first condition of U(K) ≠ 0 .
III. Bandgap Opening Rule
In order to find the analytical relation between the existence of bandgap and the translational symmetry of structural modifications, we employ a periodic potential U(r) using the δ-function,
where parameter g indicates the strength of the external potential, with α and β integers. This is truly a simplest model describing only the translational symmetry of the structural modifications on graphene, but it is sufficient for investigating whether the gap remains closed at the Dirac points. Within this model, we have derived that bandgap opening requires U(K) ≠ 0 , i.e.,
Next, we evaluate U(k) , the Fourier transform of U(r) :
Here we can express R 1 and R 2 in terms of lattice constant a :
Then,
For U(k) ≠ 0 , k points have to satisfy the following equations:
Eq. 17 defines a grid of perturbed k points at which U(k) ≠ 0 , as plotted in Fig. 2 in the paper. When these k points include the Dirac points K and ′ K , we expect band gap opening. The Dirac points in the
and we insert these into Eq. 17:
2π 3a
Plugging in the expressions for x 1 , y 1 , x 2 , and y 2 , 2π 3a
which reduce to
Eq. 21 is satisfied for integers α and β only if
where p and q are integers. Thus we have derived the crucial bandgap opening rule (Eq. 3) in the paper.
IV. Dependence of Bandgap in GNMs on Hole Size
Our derivation is general enough that it likely holds for several different perturbative potentials that are reasonably localized. We have studied a series of holes in graphene nanomeshes (GNMs), and our results suggest that as hole size is increased, the bandgap in semiconducting GNMs increases. If a bandgap exists, magnitude of E g is primarily determined by hole area and the supercell area. We used the following scaling rule proposed by Pedersen et al. 4 ,
to fit our bandgap data. Originally the parameter α is set to be 0.5, and we found that α ≈ 0.3 gave the best fitting to GNM with fixing unit cells and varying hole sizes (the number of missing C atoms in a supercell), as plotted in Fig. 4i in the paper and Fig. 4b Figure 4 in the paper. 
VII. Summary of Bandgap Results

